The simplest unified extension of the Minimal Supersymmetric Standard Model with bi-linear R-Parity violation naturally predicts a hierarchical neutrino mass spectrum, in which one neutrino acquires mass by mixing with neutralinos, while the other two get mass radiatively. We have performed a full one-loop calculation of the neutralino-neutrino mass matrix in the bi-linear R p / MSSM, taking special care to achieve a manifestly gauge invariant calculation. Moreover we have performed the renormalization of the heaviest neutrino, needed in order to get meaningful results. The atmospheric mass scale and maximal mixing angle arise from tree-level physics, while solar neutrino scale and oscillations follow from calculable one-loop corrections. If universal supergravity assumptions are made on the soft-supersymmetry breaking terms then the atmospheric scale is calculable as a function of a single R p / violating parameter by the renormalization group evolution due to the non-zero bottom quark Yukawa coupling. The solar neutrino problem must be accounted for by the small mixing angle (SMA) MSW solution. If these assumptions are relaxed then one can implement large mixing angle solutions, either MSW or just-so. The theory predicts the lightest supersymmetic particle (LSP) decay to be observable at high-energy colliders, despite the smallness of neutrino masses indicated by experiment. This provides an independent way to test this solution of the atmospheric and solar neutrino anomalies.
Introduction
The high statistics data by the SuperKamiokande collaboration [1] has confirmed the deficit of atmospheric muon neutrinos, especially at small zenith angles, opening a new era in neutrino physics. On the other hand the persistent disagreement between solar neutrino data and theoretical expectations has been a long-standing problem in physics [2] . Altogether these constitute the only solid evidence we now have in favour of physics beyond the present standard model, providing a strong hint for neutrino conversion. Although massless neutrino conversions [3] can be sizeable in matter, and may even provide alternative solutions of the neutrino anomalies [4] , it is fair to say that the simplest interpretation of the present data is in terms of massive neutrino oscillations. Taking for granted such an interpretation, the present data do provide an important clue on the pattern of neutrino masses and mixing. The atmospheric data indicate ν µ to ν τ flavour oscillations with maximal mixing [5] , while the solar data can be accounted for in terms of either small (SMA) and large (LMA) mixing MSW solutions [6] , as well as through vacuum or just-so solutions [7] . A large mixing among ν τ and ν e is excluded both by the atmospheric data and by reactor data on neutrino oscillations [8] . There has indeed been an avalanche [9] of papers trying to address this issue in the framework of unified models adopting ad hoc texture structures for the Yukawa couplings.
Here we propose an alternative approach to describe the structure of lepton mixing which accounts for the atmospheric and solar neutrino anomalies [10] based on the simplest extension of minimal supergravity with bi-linear R-Parity violation [11] . The particles underlying the mechanism of neutrino mass generation are the neutral supersymmetric partners of the Standard Model gauge and Higgs bosons which have mass at the weak-scale and are thus accessible to accelerators.
Our model breaks lepton number and therefore necessarily generates non-zero Majorana neutrino masses [12] . At tree-level only one of the neutrinos picks up a mass by mixing with neutralinos [13] , leaving the other two neutrinos massless [14] . While this can explain the atmospheric neutrino problem, to reconcile it with the solar neutrino data requires going beyond the tree-level approximation. This is the purpose of the present paper. Here we improve the work of ref. [15] by performing a full one-loop calculation of the neutrino mass matrix and also update the discussion in the light of the recent global fits of solar and atmospheric neutrino data. This can also be used to improve the discussion given in [16] where the tree approximation was assumed. For simplified analyses including only the atmospheric neutrino problem in the tree-level approximation see ref. [17] and a number of papers in ref. [18] .
We have performed a full one-loop calculation of the neutralino-neutrino mass matrix in the bi-linear R p / MSSM, showing that, in order to explain the solar and atmospheric neutrino data, it is necessary and sufficient to work at the one-loop level, provided one performs the renormalization of the heaviest neutrino. In contrast to all existing papers [15, 18] , we have taken special care to verify the gauge invariance of the calculation, thus refining the approximate approaches so far used in the literature. We find that if the soft-supersymmetry breaking terms are universal at the unification scale then only the small mixing angle (SMA) MSW solution to the solar neutrino problem exists. On the other hand if these assumptions are relaxed then one can implement large mixing angle solutions, either MSW or just-so.
Bilinear R-parity breaking supersymmetry has been extensively discussed in the literature [10] . It is motivated on the one hand by the fact that it provides an effective truncation of models where R-parity breaks spontaneously by singlet sneutrino vevs around the weak scale [19] . Moreover, they allow for the radiative breaking of R-parity, opening also new ways to unify Gauge and Yukawa couplings [20] and with a potentially slightly lower prediction for α s [21] . For recent papers on phenomenological implications of these models see ref. [22, 23, 24] . If present at the fundamental level tri-linear breaking of R-parity will always imply bi-linear breaking at some level, as a result of the renormalization group evolution. In contrast, bi-linear breaking may exist in the absence of tri-linear, as would be the case if it arises spontaneously. This paper is organized as follows. In sections 2, 3 and 4 we describe the model, the minimization of the scalar potential and the radiative breaking of the electroweak symmetry. In section 5 the tree level masses and mixings are described, while the contributions to the one loop mass matrix and the gauge invariance issue are studied in section 6. Finally the neutrino masses and mixings are discussed in section 7 where we show our results for solar and atmospheric oscillation parameters. The more technical questions regarding the mass matrices, couplings and one loop results as well as further details of gauge invariance are given in the appendices. We also briefly discuss how, despite the smallness of neutrino masses indicated by experiment, the theory can lead to observable R p / phenomena at high-energy accelerators.
The Superpotential and the Soft Breaking Terms
Using the conventions of refs. [23, 25] we introduce the model by specifying the superpotential, which includes BRpV [10] in three generations. It is given by
where the couplings h U , h D and h E are 3×3 Yukawa matrices and µ and ǫ i are parameters with units of mass. The bilinear term in eq. (1) violates lepton number in addition to R-Parity.
Supersymmetry breaking is parameterized with a set of soft supersymmetry breaking terms. In the MSSM these are given by
In addition to the MSSM soft SUSY breaking terms in L M SSM sof t the BRpV model contains the following extra term V
where the B i have units of mass. In what follows, we neglect intergenerational mixing in the soft terms in eq. (2) .
The electroweak symmetry is broken when the two Higgs doublets H d and H u , and the neutral component of the slepton doublets L
where we shift the neutral fields with non-zero vevs as
Note that the W boson acquires a mass m
2 . We introduce the following notation in spherical coordinates for the vacuum expectation values:
which preserves the MSSM definition tan β = v u /v d . In the MSSM limit, where ǫ i = v i = 0, the angles θ i are equal to π/2. In addition to the above MSSM parameters, our model contains nine new parameters, ǫ i , v i and B i . The three vevs are determined by the one-loop tadpole equations, and we will assume universality of the B-terms, B = B i at the unification scale. Therefore, the only new and free parameters can be chosen as the ǫ i .
The Scalar Potential
The electroweak symmetry is broken when the Higgs and lepton fields acquire non-zero vevs. These are calculated via the minimization of the effective potential or, in the diagramatic method, via the tadpole equations. The full scalar potential at tree level is
where z i is any one of the scalar fields in the superpotential in eq. (1), V D are the D-terms, and V BRpV sof t is given in eq. (3).
The tree level scalar potential contains the following linear terms
where the different t 0 are the tadpoles at tree level. They are given by
. A repeated index i in eq. (9) implies summation over i = 1, 2, 3. The five tree level tadpoles t 0 α are equal to zero at the minimum of the tree level potential, and from there one can determine the five tree level vacuum expectation values.
It is well known that in order to find reliable results for the electroweak symmetry breaking it is necessary to include the one-loop radiative corrections. The full scalar potential at one loop level, called effective potential, is
where V RC include the quantum corrections. In this paper we use the diagramatic method, which incorporates the radiative corrections through the one-loop corrected tadpole equations. The one loop tadpoles are
where α = d, u, 1, 2, 3 and
are the finite one loop tadpoles. At the minimum of the potential we have t α = 0, and the vevs calculated from these equations are the renormalized vevs.
Neglecting intergenerational mixing in the soft masses, the five tadpole equations can be conveniently written in matrix form as 12) where the matrix M 2 tad is given by
and depends on the vevs only through the D term defined above.
In order to have approximate solutions for the tree level vevs, consider the following rotation among the H d and lepton superfields: (14) where the rotation R can be split as
where the three angles are defined as
It is clear that this rotation R leaves the D term invariant. The rotated vevs are given by
The Yukawa couplings are determined by requiring that three eigenvalues of the chargino/chargedlepton mass matrix corrrespond to the experimentally measured tau, muon, and electron masses * As in the MSSM, the electroweak symmetry is broken because the large value of the top quark mass drives the Higgs mass parameter m 2 H U to negative values at the weak * For the case of large tree-level neutrino mass one must note that the lepton Yukawa couplings are no longer related to the lepton masses via the simple relations valid in the Standard Model. Since charginos mix with charged leptons, the Yukawa couplings depend also on the parameters of the chargino sector. For the case of interest here (light ν τ mass fixed by the atmospheric scale) this correction is less important.
scale via its RGE [26] . In the rotated basis, the parameter µ
characterizes the breaking of R-parity. The mass matrix M M M N is diagonalized by (see
where (i = 1, · · · , 4) for the neutralinos, and (j = 1, · · · , 3) for the neutrinos.
We are interested in the case where the neutrino mass which is determined at the tree level is small, since it will be determined in order to account for the atmospheric neutrino anomaly. The above form for M M M N is especially convenient in this case in order to provide an approximate analytical discussion valid in the limit of small R p / violation parameters. Indeed in this case we perform a perturbative diagonalization of the neutral mass matrix, using the method of [27] , by defining [24] 
If the elements of this matrix satisfy
then one can use it as expansion parameter in order to find an approximate solution for the mixing matrix N . Explicitly we have
where
are the alignment parameters. From eq. (35) and eq. (36) one can see that ξ = 0 in the MSSM limit where ǫ i = 0, v i = 0. In leading order in ξ the mixing matrix N is given by,
The second matrix above block-diagonalizes the mass matrix M M M N approximately to the form diag(M χ 0 , m ef f ), where
The sub-matrices N and V ν diagonalize M χ 0 and m ef f
Clearly, one neutrino acquires mass due to the projective nature of the effective neutrino mass matrix m ef f , a feature often encountered in R p / models [14] . As a result one can rotate away one of the three angles [12] in the matrix V ν , leading to [28] 
where the mixing angles can be expressed in terms of the alignment vector Λ as follows:
6 One Loop Neutrino Mass Matrix
One-loop radiative corrections to the neutralino/neutrino mass matrix in the BRpV model were calculated first in [15] , working in the t'Hooft-Feynman gauge (ξ = 1). Our analysis improves the previous work in that we check explicitly the gauge invariance using the R ξ gauge. We use dimensional reduction to regularize the divergences [29] and include all possible MSSM particles with consistently determined mass spectra and couplings in the relevant loops.
Two-Point Function Renormalization
We denote the sum of all one-loop graphs contributing to the 2-point function as
The most general expression for the one-loop contribution to the unrenormalized neutralino/neutrino two-point function is
where the indices i and j run from 1 to 7, P R = 1 2
(1 + γ 5 ) and P L = 1 2
(1 − γ 5 ) are the right and left projection operators, and p is the external four momenta. The functions Σ and Π are unrenormalized self energies and depend on the external momenta squared, p 2 .
The neutral fermions F 0 i are a mixture of weak eigenstate neutralinos and neutrinos and given by
where N is the 7 × 7 matrix that diagonalizes the neutralino/neutrino mass matrix according to eq. (32).
The inverse propagator at one loop is obtained by adding to the tree level propagator, this self energy previously renormalized with the dimensional reduction DR scheme and denoted as Σ and Π. In the DR scheme, the counterterms cancel only the divergent pieces of the self energies. In this way, they become finite and dependent on the arbitrary scale Q. The tree level masses are promoted to running masses in order to cancel the explicit scale dependence of the self energies. Thus, the inverse propagator of the neutral fermion
The physical pole mass is given by the zero of the inverse propagator, in the limit where p µ γ µ → m F i , and may be found using
where u and u are two on-shell spinors, m F i and m F i (Q) are the neutral fermion pole and running masses respectively, and Σ ii F F (p, Q) is the renormalized two-point function in the DR scheme. The quantity Z −1 F i corresponds to the finite ratio of the infinite wave function renormalization constants in the DR scheme and the on-shell scheme, and it accounts for the fact that the residue of the DR propagator at the pole is not one [30] . The renormalized function Σ ii F F (p, Q) is calculated by subtracting the pole terms proportional to the regulator of dimensional reduction (49) where γ E is the Euler's constant and d is the number of space-time dimensions. In practice
Since u(p)γ 5 u(p) = 0, the terms proportional to
and the tilde implies renormalized self energies. A given set of input parameters in the neutralino/neutrino mass matrix defines the set of tree level running masses m F i (Q), among them two massless and degenerate neutrinos. The one-loop renormalized masses m F i are then found through eq. (51), and the masslessness and degeneracy of the two lightest neutrinos is lifted.
The tree level masslessness of the lightest neutrinos implies an indetermination of the corresponding eigenvectors. In order to find the correct neutrino mixing angles we diagonalize the one-loop corrected neutralino/neutrino mass matrix. We define
with
where the symmetrization is necessary to achieve gauge invariance. Of course, the diagonal elements of ∆M ij correspond to the difference between the pole and running masses defined in eq. (51).
Gauge Invariance
As explained in section 2.2, the one-loop corrected vacuum expectation values are found by solving the one-loop corrected tadpole equations in eq. (11) . Of course, it is desirable to work with gauge invariant vevs. In order to achieve the gauge invariance of the v α 's, the one-loop tadpole T DR α (Q) must be independent of the gauge parameter ξ. As it is shown in the appendix C the following set of tadpoles is gauge invariant:
where S
′0
α denote neutral scalar bosons in the weak basis (see appendix A) η's are the Fadeev-Popov ghosts. A similar set for the Z gauge boson exists. Nevertheless, the tadpole with a charged Goldstone boson in the loop introduces a gauge dependence that cannot be canceled. For this reason, the Goldstone boson loops are removed from the tadpoles T α (Q) and introduced into the self energies. This in turn allows us to achieve the gauge invariance for the two point functions, as well as for the vev's, as explained below.
Among the loops contributing to the self energies, consider for example the W -boson loop, which in the general R ξ gauge is
where the dots indicate terms proportional to γ 5 which are irrelevant for us, F + k are charged fermions resulting from mixing between charginos and charged leptons, and
This graph introduces an explicit dependence on the gauge parameter ξ. The other self energy graph with ξ dependence is the one that includes the charged Goldstone boson.
The charged Goldstone boson is one of the eight charged scalars S + k resulting from mixing between the two charged Higgs fields and the six charged sleptons. This contribution is
where again, the dots indicate terms proportional to γ 5 , and
with the couplings given in Appendix B. Nevertheless, gauge dependence is not canceled after combining eqs. (55) and (56). In order to achieve it the inclusion of the Goldstone boson tadpole graphs, left over from the tadpole equations, is necessary:
The A 0 , B 0 and B 1 appearing above are Passarino-Veltman functions [31] , g S 0 S + S − k G + G − being the neutral scalar coupling to a pair of charged Goldstone bosons, and O nns the neutral scalar couplings to a pair of neutral fermions (neutralino/neutrinos). Numerically, we have checked that, by adding the Goldstone tadpoles to the self energies our results do not change by varying the gauge parameter from ξ = 1 to ξ = 10 9 , thus establishing the gauge invariance of the calculation. Similarly we have also checked that the corresponding set of diagrams involving the neutral gauge boson tadpole (Z) plus neutral ghost tadpoles is gauge invariant and, similarly, the contribution to the self energies due to Z exchange plus neutral pseudoscalars and neutral Goldstones is also gauge invariant.
Before we close this section we would like to add a short discussion on the basic structure of the loops which will be useful in the following. It is useful to do this in the approximation where the R p / parameters are small, as discussed above. As seen from the expression for m ef f , at tree-level the effective neutrino mass matrix in this limit has the structure m ij ∼ Λ i Λ j , and at this level of sophistication neutrino angles are simple functions of ratios of Λ i /Λ j . The one-loop corrections, however, in general destroy this simple picture. This can be seen as follows. The one-loop corrections have the general form,
where the O stand symbolically for the various couplings. Now, since the expansion matrix ξ, defined in eq. (33) can be written as ξ iα ∼ f α ǫ i + g α Λ i (see eq. (35)) a product of two couplings involving neutrino-neutralino mixing has the general structure,
where all the other dependence on the SUSY parameters has been hidden symbolically in F (...). The one-loop corrections therefore also carry a certain index structure, which can be written as m
where a, b, c are again complicated functions of SUSY parameters involving couplings, the Passarino-Veltman functions etc. Clearly, the terms proportional to c in eq. (60) above will lead only to a renormalization of the heaviest neutrino mass eigenstate. On the other hand the terms proportional to a in eq. (60) are genuine loop corrections. Consider the simple case where all Λ i ≡ 0. Clearly in this case the tree-level neutrino mass is absent, but the one-loop effective neutrino mass has the same index structure as before, but now in terms of ǫ i,j 's instead of Λ i,j 's. In this idealized case angles are given as simple funtions of ǫ i ratios. For non-zero Λ i the terms proportional to b in eq. eq. (60), however, destroy this simple picture. Any mismatch between ǫ i /ǫ j and Λ i /Λ j will lead, in general, to a very complex parameter dependence of the neutrino angles.
Numerical Results on Neutrino Masses and Mixings
Here we collect our numerical results on neutrino masses and mixings. As we have seen, a characteristic of the BRpV model is the appearence of vacuum expectation values for the sneutrino fields, v ′ i which imply a tree-level mass for one of the neutrinos given by eq. (41). The one-loop-corrected neutrino mass matrix gives important contributions to the heaviest neutrino mass which we have determined through the renormalization procedure sketched above. First we note that in order to solve the atmospheric and solar neutrino problem one requires m 1−loop ≪ m tree . If this is fullfilled it is essentially trivial within our model to solve the atmospheric neutrino problem. It is simply equivalent to choosing an adequate size of the alignment vector | Λ| 2 , as can be seen from eq. (41) and is also demonstrated in Fig. (1) . However there are regions of parameters where the one-loop contributions are comparable to the tree-level neutrino mass. This is discussed in quite some detail below, where we give an illustrative parameter study in order to isolate the main features of the dependence on the underlying parameters. First we get a rough idea of the magnitude of the neutrino masses including the one-loop corrections by displaying in Fig. ( 2) the three lightest eigenvalues of the neutrino/neutralino mass matrix as a function of the parameter |ǫ 2 |/|Λ|. Other parameters are fixed as follows: a) MSSM parameters: m 0 = µ = 500
In the left panel we give the predicted masses in the general case, while in the one on the right we apply the sign condition,
to be discussed in more detail below.
One notices that the parameter |ǫ 2 |/|Λ| determines the importance of the loop contribution relative to the tree-level-induced masses. For example, from the right panel one sees that, below |ǫ 2 |/|Λ| ≪ 10 the heaviest neutrino mass m 3 is mainly a tree-level mass, while for |ǫ 2 |/|Λ| > ∼ 10 the loop-induced masses are important relative to the tree-level one. Similar results are obtained for other choices of MSSM parameters. It is also interesting to analyse the dependence of the neutrino mass spectrum obtained in this model as a function of other supersymmetric parameters. In Fig. (3) we show the three lightest eigenvalues of the neutrino neutralino mass matrix as a function of tan β, keeping the other parameters fixed as in Fig. ( In the above we have not paid attention to whether or not the parameter values used in the evaluation of the neutrino mass spectrum are indeed solutions of the minimization tadpole conditions of the Higgs potential. We now move to a more careful study of the magnitude of the neutrino mass spectrum derived in the R p / scenario.
In order to proceed further with the discussion of the solutions to the solar neutrino anomalies in this model we must distinguish two cases:
1. unified universal boundary conditions on the soft SUSY breaking terms (SUGRA case, for short)
2. non-universal boundary conditions on the soft SUSY breaking terms (MSSM case, for
In what follows we refer to these two possibilities as SUGRA and MSSM cases, accordingly. The neutrino mass spectrum versus tan β, for parameters otherwise chosen as in Fig. (2) . The importance of loops increases strongly with tan β. For the analysis of the neutrino masses these two scenarios are very similar so we focus on the case where the low-scale paramaters are derivable from a universal supergravity scheme. In Fig. (5) we show the mass squared difference ∆m -3,3] and tan β [2.5,10] , and for the R p / parameters, |Λ µ /Λ τ | = 0.8 − 1.25, ǫ µ /ǫ τ = 0.8 − 1.25, |Λ e /Λ τ | = 0.05 − 0.1, ǫ e /ǫ τ = 0.6 − 1.25 and |Λ| = 0.05 − 0.12 GeV 2 . They were subsequently tested for consistency with the minimization (tadpole) conditions of the Higgs potential and for phenomenological constraints from supersymmetric particle searches.
One can also explicitly determine the attainable range of ∆m We now turn to the discussion of the three neutrino mixing angles and of how they must be identified in terms our our underlying parameters. Following the usual convention the relation connecting mass-eigenstate and weak-eigenstate neutrinos are recovered in our notation as
where the mixing coefficients N are determined numerically by diagonalizing the neutral fermion mass matrix. Note that, without loss of generality, in the bilinear model one can always choose as basis the one in which the charged lepton mass matrix is already diagonal. The neutrino mixing angles relevant in the interpretation of solar and atmospheric data are identified as (if U e3 ≪ 1, as indicated by the atmospheric data and the reactor neutrino constraints).
Note that the maximality of the atmospheric angle is achieved for Λ µ = Λ τ (see Fig. (7) ) and Λ e is smaller than the other two, as required by the Chooz data (see below). In fact we have found [32] , that if ǫ 2 /Λ ≪ 10 then the approximate formula holds
In Fig. (8) we show the expected magnutide of U 2 e3 versus the relevant ratio of R p / parameters. In order to comply with the reactor data from the Chooz experiment one should have U 2 e3 below 0.05. This implies a bound on Λ e which can be read off from the figure.
The discussion on the solar mixing angle is more involved. First note that it has no meaning before adding the one-loop corrections to the neutrino mass, since in that limit the two low-lying neutrinos would be degenerate in mass. In order to proceed further with the discussion of the solutions to the solar neutrino problem in this model we must analyse carefully the implications of eq. (28) . Here it is important to distinguish between case 1 (SUGRA) and case 2 (MSSM) discussed above.
In the SUGRA case by taking the ratio of the first two equations in eq. (28) 
we conclude that, since Λ e < Λ µ and, since the relevant ratio of SUSY Soft-breaking terms is close to one, it follows that sin 2 (2θ ⊙ ) is small. The predictions for the solar angle as a function of the R p / breaking parameters is indicated in Fig. (9) .
More precisely, the interpretation of the solar data [6] in terms of the small angle MSW solution indicates that
and this in turn selects the required ratio of Λ e to Λ µ and Λ τ . Therefore in this case the large angle solutions, including the vacuum or just-so solutions do not fit in the scheme.
We now move to the general MSSM case. In this case the ratio of SUSY softbreaking terms appearing in eq. (68) is in general arbitrary and thus the ratios of Λ i /Λ j is no longer tied up to the ratios of ǫ i /ǫ j 's. This opens up the possibility for large angle solutions to the solar neutrino problem. At first sight it would seem that all predictivity of the solar angle is lost in this case, as seen in left panel of Fig. (10) .
The ability of our model to determine the solar neutrino angle may be understood in terms of eq. (60). For example in the SUGRA case we see from eq. (68) that the ǫ and Λ ratios are fixed within a narrow range, leading to the small mixing angle prediction for the solution to the solar neutrino problems. There is however another way to obtain predictivity for the general MSSM case, namely by applying eq. (61).
The possibility of our model predicting the solar angle even in the general MSSM case by assuming eq. (61) can be understood as follows. Consider first the simplified limit Λ e ≡ 0. In this case ν 1 ≡ ν e at tree-level and there is no mixing at all between the electron neutrino and the other two states, but a finite mixing exists at one-loop, due to the terms proportional to ǫ e . In this case the sign condition, defined in eq. (61) introduces two more zeros into the matrix proportional to b in eq. (60) above, if |ǫ µ | ≡ |ǫ τ | and |Λ µ | ≡ |Λ τ |. This fact simplifies the calculation of the solar angle very much, since one of the neutrino eigenvectors (the one for ν e ) has no dependence on the Λ i ratios but only on the ǫ i ratios. For a non-zero Λ e (and small departures from equality of ǫ µ , ǫ τ or |Λ µ |, |Λ τ |) this feature is destroyed and a Λ e dependence reintroduced in the solar angle. However, as long as the one-loop contributions are smaller than the tree-level one and as long as Λ e ≪ Λ µ,τ , the "cross-talk" between the Λ e and ǫ e pieces is sufficiently small, such that some predictivity of the solar angle is retained, as illustrated in figure Fig. (10) (right panel) .
The discussion on mixing angles may be summarized as follows. In the case that one-loop corrections are not larger than the tree-level contributions, the approximate formula
holds. This allows one to fix the atmospheric angle and at the same time obey the CHOOZ constraint. For the solar angle, however, the results depend on whether one wants to work in a SUGRA motivated scenario or not. For the SUGRA scenario we have found that our model allows only the small mixing angle MSW solution (SMA), while for the general case also LMA and vacuum oscilation solutions are possible.
Conclusions
We have shown that the simplest unified extension of the Minimal Supersymmetric Standard Model with bi-linear R-Parity violation typically predicts a hierarchical neutrino mass spectrum, offering a natural theory for the solar and atmospheric neutrino anomalies. In this model only one neutrino acquires mass due to mixing with neutralinos, while the other two get mass only as a result of radiative corrections. We have performed a full one-loop calculation of the effective neutrino mass matrix in the bi-linear R p / MSSM, taking special care to achieve a manifestly gauge invariant calculation and performing the renormalization of the heaviest neutrino, needed in order to get reliable results. The atmospheric mass scale and maximal mixing angle arise from tree-level physics, while the solar neutrino scale and oscillations follow from calculable one-loop corrections.
Under the assumption of universal boundary conditions for the soft-supersymmetry breaking terms at the unification scale we find that the atmospheric scale is calculable by the renormalization group evolution due to the non-zero bottom quark Yukawa coupling. In this case one predicts the small mixing angle (SMA) MSW solution to be the only viable solution to the solar neutrino problem.
In contrast, for the general MSSM model, where the above assumptions are relaxed, one can implement a bi-maximal [33] neutrino mixing scheme, in which the solar neutrino problem is accounted for through large mixing angle solutions, either MSW or just-so. A great advantage of our approach is that the parameters required in order to solve the neutrino anomalies can be independently tested at high energy accelerators, as originally proposed in [14] . In fact, as shown in ref. [32, 34] the bilinear R p / model predicts the lightest supersymmetic particle (LSP) decay to be observable at high-energy colliders, since the expected decay path can easily be shorter the typical detector sizes. This happens despite the smallness of neutrino masses indicated by the SuperKamiokande data. This provides a way to test this solution of the atmospheric and solar neutrino anomalies and potentially discriminate between the large and small mixing solutions to the solar neutrino problem.
A Mass Matrices

A.1 Scalar Mass Matrices
A.1.1 Charged Scalars
The mass matrix of the charged scalar sector follows from the quadratic terms in the scalar potential
where the unrotated charged scalars are
where the charged Higgs block is
This matrix reduces to the usual charged Higgs mass matrix in the MSSM when we set v i = ǫ i = 0 and we call m
We recover the usual stau mass matrix again by replacing v i = ǫ i = 0 (note that we need to replace the expression of the tadpole t i in eq. (9) before taking the limit). The mixing between the charged Higgs sector and the slepton sector is given by the following 6 × 2 block (repeated indices are not summed unless an explicit sum appears):
and as expected, this mixing vanishes in the limit v i = ǫ i = 0. The charged scalar mass matrix in eq. (72), after setting t u = t d = t i = 0, has determinant equal to zero for ξ = 0, since one of the eigenvectors corresponds to the charged Goldstone boson with zero eigenvalue.
For our one loop calculations one has to had the gauge fixing. The part of the mass matrix in Eq. (72) that comes from the gauge fixing reads for the (2 × 2) A block
for the (6 × 2) B and the (6 × 6) C blocks
The charged scalar mass matrices are diagonalized by the following rotation matrices,
with the eigenvalues diag(m
A.1.2 CP-Even Neutral Scalars
The quadratic scalar potential includes
where the neutral CP-even scalar sector mass matrix in eq. (84) is given by
where we have defined g
In the upper-left 2 ×2 block, in the limit v i = ǫ i = 0, the reader can recognize the MSSM mass matrix corresponding to the CP-even neutral Higgs sector. To define the rotation matrices let us define the unrotated fields by
Then the mass eigenstates are S 0 i given by
A.1.3 CP-Odd Neutral Scalars
and
Finally the part of the mass matrix in Eq. (92) that comes from the gauge fixing reads for the (2 × 2) E block
and for the (3
The charged pseudo-scalar mass matrices are diagonalized by the following rotation matrices,
. where the unrotated fields are
A.1.4 Squark Mass Matrices
In the unrotated basis u
where (104) We define the mass eigenstates
which implies q
The rotation matrices are obtained from
In our case the matrices in Eq. (102) 
A.2 Chargino Mass Matrix
The charginos mix with the charged leptons forming a set of five charged fermions F ± i , i = 1, . . . , 5 in two component spinor notation. In a basis where ψ
, the charged fermion mass terms in the Lagrangian are
where the chargino/lepton mass matrix is given by
and M is the SU(2) gaugino soft mass. We note that chargino sector decouples from the lepton sector in the limit ǫ i = v i = 0. As in the MSSM, the chargino mass matrix is diagonalized by two rotation matrices U U U and V V V defined by
where M CD M CD M CD is the diagonal charged fermion mass matrix. To determine U U U and V V V we note
For future reference we note that ψ
In the previous expressions the F ± i are two component spinors. We construct the four component Dirac spinors out of the two component spinors with the conventions ‡ ,
B The Couplings
B.1 The Neutralino Couplings
Using four component spinor notation the relevant part of the Lagrangian can be written as
Here we depart from the conventions of ref. [25] because we want the e − , µ − and τ − to be the particles and not the anti-particles.
where q can be either d or u. The various couplings are:
(117)
The factors η i are the signs one has to include if we consider N N N, U U U and V V V as real matrices and the mass of the fermion i is negative.
B.1.6 Neutralino-Up Quark-Up Squark
and, O 
B.2 The Neutral Scalar Couplings
To evaluate the tadpoles we need the couplings of the neutral scalars with all the fields in the model. These couplings are easier to write in the unrotated basis. The couplings for the mass eigenstates can always be obtained by appropriate multiplication by the rotation matrices. As an example, and to fix the notation (repeated indices are understood to be summed unless otherwise stated), the couplings of three neutral scalars in the two basis will be related by g
Sometimes we will also use partially rotated couplings, for instance
in an obvious notation. These couplings are defined as follows
where we have defined
For future reference we also define
while δ ij without the hat is the usual Kronecker delta.
B.2.2 Scalar-Pseudo Scalar-Pseudo Scalar
g S ′0 P ′0 P ′0 ijk = − 1 4 g 2 + g ′2 u mδmiδjk(135)
B.2.3 Scalar-Charged Scalar-Charged Scalar
We define
B.2.4 Scalar-Up Squarks-Up Squarks
With the definition
we get
where I is the unit 3 × 3 matrix.
B.2.5 Scalar-Down Squarks-Down Squarks
we get g
B.2.8 Scalar-Quark-Quark
and g
B.2.9 Scalar-Chargino-Chargino and Scalar-Neutralino-Neutralino
we have
C Tadpoles
C.1 Gauge Boson and Ghost Tadpoles
We will consider the gauge boson and ghost tadpoles in an arbitrary R ξ gauge to show that the dependence on ξ cancels out. We will do it for any model.
where we have used the definition
As A 0 (ξm 2 ) grows for large ξ as ξm 2 we conclude that T Z grows like ξ 2 . This dependence has to cancel against other diagrams. It is easy to realize that the Goldstone of the Z 0 will not do it because, although its mass depend on ξ, its contribution to the tadpole will only grow like ξ because its coupling to H does not depend on ξ. But the ghost coupling to H does depend ξ as we will see. 
C.1.2 General
Adding the two contributions together we obtain
We see that for the ξ dependence to cancel one must have 1 2 g HZZ ξ + g Hczcz = 0
As we will show below this is true for the SM, MSSM and also for the Bilinear R-Parity Model. Then the contribution from the Z 0 and neutral ghost tadpoles is, for any model, gauge independent and given by We will show below that this is true in general. Then the contribution from the W ± and charged ghost tadpoles is, for any model, gauge independent and given by
C.1.4 The Standard Model
Now lets us see us the cancellation occurs in the Standard Model (SM). The relevant couplings for the Z 0 are
and we immediatly see that Eq. (169) is verified. For the W ± we have
satisfying Eq.(172).
C.1.5 Bilinear R-Parity Model
In the bilinear R-parity model the relevant couplings are
Then using Eqs. (150, 153, 176, 177) in Eqs.(172, 169) we see that the same cancellation occurs.
C.2 General Tadpole Expressions
After showing the gauge invariance of the gauge boson tadpoles together with their ghosts we give now the general tadpole in a compact form. We will write them for the unrotated neutral Higgs H ′0 because that is what is needed for substitution into Eq. ( 
where ′ means that we sum over all fields except for the goldstone boson. As explained in section 6.2 the contribution of the goldstones is added to the self-energies to achieve gauge invariance.
D One Loop Self-Energies
In this section we write down the contribution of the several self energy diagrams in the ξ = 1 gauge.
D.1 The W and Z Loops
The contribution of the W and Z loops to the functions Σ V and Π V can be written in the form (X = W, Z), 
D.2 The Scalar Loops
All the scalar contributions can be written in the form (X = S ± , S 0 , P 0 , u, d), 
